Abstract: In sound field reproduction with Higher-Order Ambisonics (HOA), a sweet spot is formed around a reproduction point that is generally a center of spherical loudspeaker array. The conventional HOA decoding with a unique solution yields a spherical sweet spot, in which the reproduction error is less than 4% and whose radius is theoretically defined in the literature. On the other hand, it is known that Max-rE decoding or a least norm solution derived when using a larger number of loudspeakers would lead to an enhancement of reproduction accuracy. However, it is yet to be revealed how Max-rE decoding and the least norm solution affects the reproduction accuracy and the size and shape of the sweet spot, when they are individually or simultaneously applied to HOA decoding. This paper numerically investigates the reproduction accuracy of HOA with such different HOA decoding methods. The numerical results suggest that, compared to the conventional decoding method, ones with Max-rE and/or the least norm solution result in deformed or expanded sweet spot and suppression of reproduction errors outside the sweet spot.
INTRODUCTION
Higher-Order Ambisonics (HOA) [1] , which is one of the theories for realizing sound field reproduction, captures and reproduces directivity of incident sound wave by employing spherical harmonics expansion. Although an ideal HOA recording/reproduction of sound field requires an infinite order of spherical harmonics functions, an implementation of HOA recording/reproduction system suffers from a narrow sweet spot area caused by a truncated expansion order, so called Ambisonics order. Therefore, binaural signals observed at listener's both ears involve reproduction errors especially at higher frequencies at which the sweet spot area is smaller [2] .
In order to broaden the sweet spot and to enhance the reproduction accuracy in HOA reproduction, Max-rE decoding has been proposed [3, 4] , which optimizes energy vector in the reproduction field. In addition, a previous study implies that a use of larger number of loudspeakers than the minimum requirement for deriving a decode matrix also contributes to broadening of the sweet spot [2] . Some previous studies report advantages of Max-rE decoding for lower orders (1st and 2nd) [3] and 5th order [5] , showing that Max-rE decoding contributes to a broader sweet spot area at higher frequencies. However, it is yet to be revealed how Max-rE decoding and the number of loudspeaker affects the accuracy of HOA reproduction when individually or simultaneously applied to HOA decoding.
In this paper, sound fields reproduced with HOA are numerically simulated with and without Max-rE decoding and with two numbers of sound sources resulting in unique and least-norm solutions, in order to clarify how these HOA decoding methods affect the reproduction accuracy.
HOA ENCODING/DECODING
The HOA is a theory for capturing and reproducing a directional pattern of sound waves incoming to a certain point. The HOA mainly consists of two main processes, i.e. encoding and decoding. In the HOA encoding, the directional pattern of incoming waves in a primary field are expanded by orthonormal functions, i.e. spherical harmonics functions, to obtain expansion coefficients, or so called Ambisonics signals. In the HOA decoding, driving functions of secondary sources, which are generally assumed to be distributed on a sphere in a reproduction field, are derived from the expansion coefficients [6] .
In the HOA encoding of single plane wave whose incident angle and amplitude are defined by a unit vector u and S, respectively, Ambisonics signals B is derived from N-th order spherical harmonics expansion written as In HOA decoding, driving signal of secondary sound sources G is derived from B as 
2 , D is obtainable as a least-norm solution. In contrast to the above-mentioned conventional HOA decoding, Max-rE decoding was proposed to improve sound localization in higher frequency range by optimizing an energy vector in the reproduced field. In Max-rE decoding, the driving signals G is obtained as
where a n ¼ P n cos 137:9 N þ 1:51 ; P n ðxÞ is the Legendre polynomial for the Ambisonics order n; diag½Á is the diagonal matrix [3, 4] . The accuracy of HOA reproduction is deteriorated in both encoding and decoding stages. To achieve completely accurate expression of the directional pattern of incoming sound waves in the spherical harmonics region, the directional pattern should be expanded by spherical harmonics functions with infinite order. However, since it is, in practice, impossible to deal with infinite-order expansion, the expansion order has to be truncated by finite number N. Thus, the reproduction accuracy is restricted in the encoding stage, namely, it decreases as the order N decreases. In the decoding stage, the expansion coefficients are reproduced if Eq. (2) is successfully solved for a given number of secondary sound sources L = ðN þ 1Þ 2 and their incident directions. However, the coefficients, at least up to the truncated order N, are reproduced completely, with the limitation of rounding-off error in computation, at the reproduction point, but not at other positions. Nonetheless, allowing a margin of reproduction error, the primary field is reproduced around the reproduction point, which corresponds to so-called sweet spot. Here, the size and shape of sweet spot would be affected by the choice of L and a use of Max-rE, as discussed in the following sections.
NUMERICAL EXPERIMENT

Conditions
A numerical simulation is performed to investigate how the different decoding methods and the number of loudspeakers affect the reproduced sound field.
To focus on the effects of decoding method, a simple conditions are assumed for the HOA encoding/decoding. A primary field excited by a single plane wave is reproduced by secondary plane waves coming equally from 4 space in the reproduced field. In the HOA encoding, a plane wave in the primary field is encoded to 10th order Ambisonics signals (N ¼ 10). The Ambisonics signals are then decoded with L ¼ 121 (11 2 ) or 144 (12 2 ) and with or without MaxrE decoding. As in Eq.
2 , a least norm solution is derived for HOA decoding. In the decoding, the simultaneous equations leading to Eqs. (2) and (3), can be ill-conditioned when the incident directions of secondary plane waves are not uniformly distributed. To avoid such ill-conditioned problem, the incident directions of secondary plane waves should be distributed uniformly in 4 space as possible. Therefore, the incident directions of secondary plane waves are determined based on the so-called Fibonacci spiral as described in the reference [7] , in order to allocate them uniformly as possible. Figure 1 demonstrates the primary sound field on the z-x plane excited by plane waves of 500, 1,000, 2,000, and 4,000 Hz arriving from þx direction, and the corresponding reproduced fields with 121 or 144 loudspeakers and with and without Max-rE decoding, respectively labeled ' In L ¼ 121, for which the driving signals are derived as unique solution, so-called sweet spot is clearly observed. Namely, sound pressures in the reproduced fields are accurately reproduced within the limited circular region around the origin, while they greatly deviate from ones in the primary field outside the region. The radius of this circular region decreases as the frequency increases. This phenomenon reflects the theoretically derived sweet spot size in the literature [8] , written as When employing a unique solution for HOA decoding, the sweet spot corresponds to a circular region in which reproduction error is below 4%, or below À14 dB. It is obvious that the sweet spot radius is proportional to the Ambisonics order N and is inversely proportional to the frequency. In L ¼ 144, for which the driving signals are derived as a least-norm solution, the sweet spot is slightly broader than L ¼ 121, as described later. In addition, compared to L ¼ 121, the sound pressures outside the sweet spot are suppressed. In L ¼ 121 w/ Max-rE, it seems that the sweet spot is smaller than L ¼ 121 whereas the sound pressures outside the sweet spot are suppressed. In L ¼ 144 w/ Max-rE, it is likely that the sweet spot is no longer a circular region but a rectangular-like whose long edge corresponds to the incident direction of incoming wave.
Reproduced Field
'L ¼ 121,'' ''L ¼ 144,'' ''L ¼ 121 w/ Max-rE,''x 0 ¼ Nc 2 fð5Þ
Reproduction Error
To enable a quantitative evaluation of sweet spot and spatial distribution of reproduction errors, normalized reproduction error (NRE) [dB] is defined as NRE ¼ 20 log 10 jP r À P p j jP p j where P p and P r are the complex sound pressures in the primary and reproduced fields, respectively. Here, À14 dB of NRE corresponds to 4% of reproduction error. Figure 2 illustrates the NRE on the z-x plane for each frequency and decoding methods for HOA reproduction. As the color bar indicates, the color represents NRE. The NRE values is clipped between À14 dB and 6 dB. The NRE below À14 dB is represented by white color, which thereby depicts the sweet spot corresponding to 4% of reproduction error. The criterion of 4%, or À14 dB, were employed here to enable consistent discussions with the previous works such as [8] . On the other hand, the NRE larger than 6 dB is represented by yellow color.
In L ¼ 121, the sweet spot, in which NRE is below À14 dB indicated by white colored region, is circular with some spikes, whose radius roughly corresponds to the theoretical value in Eq. (5). The NRE outside the sweet spot increases steeply to larger than 6 dB. In L ¼ 144, the sweet spot extends to AEz direction, which is perpendicular to the incident angle. Interestingly, the NRE outside the sweet spot are smaller compared with L ¼ 121. These results suggest that the least norm solution for HOA decoding broadens the sweet spot and suppress the reproduction error even outside the sweet spot.
In L ¼ 121 w/ Max-rE, the sweet spot is no longer a circular. Instead, the sweet spot is rather close to a rectangular, whose longer axis parallels to the incident angle. Because its longer edge length is almost equal to the diameter of the circular sweet spot in L ¼ 121 while it shorter edge length is shorter than it, the area of sweet spot is smaller in this case than in L ¼ 121. However, the NRE outside the sweet spot is suppressed compared with L ¼ 121. In L ¼ 144 w/ Max-rE, the sweet spot is slightly broadened compared to L ¼ 121 w/ Max-rE. It is noteworthy that the NRE outside the sweet spot is prominently suppressed compared to other conditions. Figure 3 illustrates the NRE on the x-y plane at 1 kHz. The figure demonstrates that the distribution of NRE is slightly different between the x-y and z-x planes, but the differences in NRE and sweet spot among the decoding methods observed on the z-x plane are also observed on the x-y plane. Note that the results for other frequencies are omitted here because the trends are similar to those in the z-x plane also for other frequencies.
To evaluate the sweet spot size quantitatively among the different decoding methods, largeness of sweet spot were calculated as areas in which NREs are below À14 dB in the 2 m Â 2 m observed region on the z-x plane. Figure 4 depicts the relation between the decoding method and the sweet spot area for each frequency. The figure demonstrates that, for all the decoding methods, the sweet spot areas decrease with increasing frequency; for L ¼ 144, the sweet spot area is larger than L ¼ 121; for both L ¼ 121 and 144 w/ Max-rE, the sweet spot areas are smaller than L ¼ 121 at 500 Hz and 1 kHz. 
DISCUSSIONS
The numerical results mentioned in the previous section demonstrate that HOA decoding methods with the least norm solution and/or Max-rE lead to different reproduced field and, thereby, different spatial distribution of reproduction error. When the least norm solution is employed without Max-rE, the sweet spot, in which the NRE is smaller than À14 dB, is broadened in the direction perpendicular to the incident angle while it is not in the direction of incident angle. Because, for the reproduction of general sound field, the sound waves can arrive from any directions in 4 space and listeners can direct their faces toward any directions, such incident-angle-dependent sweet spot expansion may not immediately contribute to a broadening of accurately reproduced sound field. However, the HOA decoding with the least norm solution outperforms the one with unique solution because the reproduction error is suppressed outside the sweet spot with the least norm solution. An introduction of Max-rE to the HOA decoding with unique solution rather narrows the sweet spot in a direction perpendicular to the incident angle. However, the reproduction error outside the sweet spot is suppressed also in this case. Such effect is further emphasized in Max-rE with the least norm solution. Actually, for L ¼ 144 w/ Max-rE, a region, in which NRE is smaller than 0 dB, is prominently larger compared to other conditions.
In total, these results indicate that, compared to the HOA decoding with the unique solution, one with the least norm solution broadens the sweet spot (NRE < À14 dB) in the direction perpendicular to an incident angle and suppresses the reproduction error outside the sweet spot; Max-rE decoding with the unique solution does not broaden the sweet spot but suppress the reproduction error outside the sweet spot. In addition, Max-rE decoding with the least norm solution leads to further suppression of the reproduction error outside the sweet spot in a broader region.
CONCLUSIONS
This paper numerically presented how the spatial distribution of reproduction error in HOA sound field reproduction by the use of HOA decoding with unique and least norm solutions and with and without Max-rE. The numerical experiment demonstrates that, compared to the HOA decoding method with a unique solution without Max-rE, other decoding methods resulted in a broader sweet spot and/or smaller reproduction errors outside the sweet spot. Future works would be perceptually relevant investigations on the variations of reproduced sound field by different HOA decoding methods.
